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Abstract
In this note, we propose a conjecture stating that some series involving primitive se-
quences are convergent. Then, we show (by a counterexample) that the analogue of a
conjecture of Erdős, for those series, is false.
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Throughout this note, we denote by P the sequence of the prime numbers. Further, for a
given positive integer n, we respectively denote by ω(n) and Ω(n) the number of prime factors
of n and the number of prime factors of n counted with multiplicity. For a given sequence of
positive integers A , the quantity defined by d◦(A ) := max{Ω(a), a ∈ A } is called the degree of
A . Particularly, if Ω(a) is the same for any a ∈ A , then A is called an homogeneous sequence.
A sequence A of positive integers is called primitive if no term of the sequence divides
any other. In [2], Erdős proved that for any primitive sequence A (with A 6= {1}), the series
∑
a∈A
1
a log a
converges and its sum is bounded above by an absolute constant C; and in [4],
Erdős and Zhang showed that C ≤ 1.84. This bound is later improved by Clark [1] to eγ
(≃ 1.78), where γ is the Euler constant. Furthermore, in [3], Erdős asked if it is true that
the sum
∑
a∈A
1
a log a
(where A 6= {1} is a primitive sequence) reaches its maximum value at
A = P. Some years later, Erdős and Zhang [4] conjectured an affirmative answer to the last
question by proposing the following:
Conjecture (Erdős):
For any primitive sequence A 6= {1}, we have:
∑
a∈A
1
a log a
≤
∑
p∈P
1
p log p
.
To compare with Clark’s upper bound, let us precise that
∑
p∈P
1
p log p
≃ 1.63. In [5],
Zhang proved the Erdős conjecture for a primitive sequence A (A 6= {1}) satisfying d◦(A ) ≤ 4
1
and in [6], he proved it for the particular case of homogeneous sequences and for some other
primitive sequences slightly more complicated. To our knowledge, these are the only significant
results that were obtained in the direction of proving Erdős’s conjecture.
In this note, we propose a conjecture stating that some series involving primitive sequences
are convergent. Although such series are close to the series
∑
a∈A
1
a log a
, we will show (by a
counterexample) that the analogue of the above Erdős conjecture for those series is false. We
conjecture the following:
Conjecture 1. For any primitive sequence A 6= {1}, the series
∑
a∈A
ω(a)
a log a
and
∑
a∈A
Ω(a)
a log a
are both convergent.
Now, we will prove that the analogue of the above conjecture of Erdős for the series
considered in Conjecture 1 is false. In other words, we prove that the sum
∑
a∈A
ω(a)
a log a
(where
A runs on the set of all primitive sequences different from {1}) does not reach its maximum
value at A = P. The same will obviously be true for the sum
∑
a∈A
Ω(a)
a log a
. We have the
following:
Proposition 2. There exists a primitive sequence A 6= {1} such that:
∑
a∈A
ω(a)
a log a
>
∑
p∈P
ω(p)
p log p
=
∑
p∈P
1
p log p
.
Proof. Set
A1 := {pq | p, q ∈ P ; p ≤ 14× 10
5 and q ≤ 14× 105}
A2 := {r ∈ P | r > 14× 10
5}
A := A1 ∪A2.
It is clear that A is a primitive sequence. The computer calculations give:
∑
a∈A1
ω(a)
a log a
=
∑
p,q∈P
p≤14×105
q≤14×105
1
pq(log p+ log q)
= 1.5748 . . . and
∑
p∈P
p≤14×105
1
p log p
= 1.5659 . . .
So, we have:
∑
a∈A1
ω(a)
a log a
>
∑
p∈P
p≤14×105
1
p log p
.
By adding
∑
a∈A2
ω(a)
a log a
=
∑
p∈P
p>14×105
1
p log p
to the two hand-sides of this inequality, we get:
∑
a∈A
ω(a)
a log a
>
∑
p∈P
1
p log p
,
as required.
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